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Zusammenfassung

Wir präsentieren Algorithmen für das Zählen zusammenhängender Subgraphen mit vier Kno-
ten in dynamischen Graphen. Im Einzelnen kann mithilfe unserer Algorithmen die Anzahl nicht-
induzierter Pfade der Länge drei in amortisierter Zeit O(

√
m), die Anzahl nicht-induzierter Sterne

mit vier Knoten in konstanter Zeit und die Anzahl von jedem anderem Subgraphen mit vier Kno-
ten außer der Clique in amortisierter Zeit O(m

2
3 ) aktualisiert werden. Für zusammenhängende

induzierte Subgraphen mit vier Knoten zeigen wir, dass der O(m) Algorithmus von Eppstein et al.
[Theoretical Computer Science, 447:44–52, 2012] nicht verbessert werden kann, unter Annahme
der Vermutung, dass kein Algorithmus existiert, der das Entscheidungsproblem in Zeit O(n4−ε)
löst, ob ein statischer Graph eine Clique der Größe vier enthält.



Abstract

We present algorithms for maintaining the number of all connected four-vertex subgraphs in
a dynamic graph. Specifically, our algorithms are capable of maintaining the number of non-
induced paths of length three in amortized time O(

√
m), the number of non-induced claws in

constant time and the number of any other non-induced subgraph, which is not a clique, in
amortized time O(m

2
3 ). For all connected induced subgraphs with four vertices, we prove that

the O(m) algorithm by Eppstein et al. [Theoretical Computer Science, 447:44–52, 2012] cannot
be improved unless the conjecture that no algorithm exists which can detect 4-cliques in a static
graph in time O(n4−ε) is wrong.
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Chapter 1

Introduction

1.1 Introduction

The number of certain subgraphs in a network is an important metric with applications in ecology,
economics and many other fields. In food webs, graphs represent predator-prey relationships, and
the occurrence and absence of certain subgraphs give insight into the ecological interplay between

species. For example, the subgraph X
−−−−−→→ Y →Z is rare in food webs, hinting that a species’

predator rarely hunts for that species’ prey [MSOI+02]. In economic studies, company-customer
relationships can be represented as bipartite graphs, and Zhang et al. [ZSSH14] show by counting
the corresponding subgraphs that companies doing business with the same customer will most
likely also attract the customers of the respective other company. Since these graphs change
over time as companies acquire new customers, there is a need for algorithms capable of handling
dynamic graphs as well.

1.2 Related Work

Algorithms counting numbers of subgraphs and solving related problems have been studied ex-
tensively for static graphs. Alon, Yuster and Zwick [AYZ94] developed an algorithm to count
the number of triangles and other circles (up to seven vertices) in a graph in time O(nω), where
n denotes the number of vertices and ω < 2.373 [AW21] is the fast matrix multiplication ex-
ponent, ie. the smallest value such that two n × n matrices can be multiplied in O(nω) time.
Kloks, Kratsch and Müller [KKM95] showed how to compute the number of 4-cliques in time
O(m(ω+1)/2) (m denotes the number of edges) and the number of any other subgraph of size 4
in time O(nω +m(ω+1)/2). A lot of research has also been done to develop parallel algorithms for
counting subgraphs (see eg. [KPP+14]) and to develop approximate algorithms in the streaming
setting (see eg. [BFL+06], [BYKS02])

A more recent development is counting subgraph numbers for dynamic graphs, ie. graphs in
which edges are inserted or deleted from an initial graph. Here, Kara et al. [KNN+19] provided an
algorithm for counting triangles in the insertion-only case in amortized time O(

√
m) per insertion,

which Dhulipala et al. [DLS20] extended to the fully-dynamic case, ie. where both insertions and
deletions are allowed. They also succeeded in using the algorithm for the triangle case to obtain
an algorithm maintaining the number of any k-clique for a fixed k in a fully dynamic graph in
amortized time O(mαk−4), where α ∈ O(

√
m) is the arboricity of the graph. They also give

even faster algorithms, which however rely on fast matrix multiplication. The case of triangles
has also been studied by Eppstein and Spiro [ES09], who give an amortized time O(h) algorithm
to maintain the number of triangles, where h ∈ O(

√
m) is the h-index of a graph, the maximum

number such that the graph contains h vertices with degree at least h. Their algorithm can also
maintain the number of any other subgraph on three vertices, and Eppstein et al. [EGST12]
extended their method to also maintain counts of any four-vertex subgraph in amortized time
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Subgraph our runtime runtime in Eppstein et al. [EGST12]

Non-induced path O(m
1
2 ) O(h)

Non-induced claw O(1) O(1)

Non-induced paw O(m
2
3 ) O(h2)

Non-induced cycle O(m
2
3 ) O(h2)

Non-induced diamond O(m
2
3 ) O(h2)

Any connected
induced four-vertex subgraph O(m) O(h2)

Table 1.1: Update times for counting different subgraphs in our work and the work by Eppstein
et al. [EGST12] h ∈ O(

√
m)

O(h2). Dvorak and Tuma [DT13] gave a different algorithm for maintaining counts for arbitrary
subgraphs in amortized time O(log(n)0.5n

′2−0.5n′−1), where n′ denotes the number of vertices in
the subgraph to be counted, if the set of graphs arising after each update has bounded expansion.

Note that there is a difference between the number of subgraphs and the number of induced
subgraphs, where in the latter case the vertices of a subgraph must induce that subgraph. For
example, a triangle contains (multiple) paths of length 2, but not as an induced subgraph.
However, it is possible to convert non-induced counts to induced counts and vice versa, and the
algorithms by Eppstein et al. maintain counts of induced and non-induced counts in time O(h2).

1.3 Our contribution

Our work focuses on algorithms maintaining counts of connected four-vertex-subgraphs and is
built upon the work by Eppstein et al. [EGST12]. In the case of graphs with large h-indices, we
further reduce the update time required to maintain the number of any non-induced connected
four-vertex subgraph which is not the 4-clique. Specifically, we can maintain the number of
paws, cycles of length 4 and diamonds in time O(m

2
3 ). (see table 1.1) We also prove that the

algorithms for maintaining the number of connected induced four-vertex subgraphs by Eppstein
et al. are asymptotically optimal, provided that the number of 4-cliques in a static graph cannot
be counted faster than in time O(n4), where n is the number of vertices in that graph.

1.4 Structure of this thesis

This thesis is structured the following way: In chapter 2 we will introduce our notation, state the
problem and sketch our approach. In chapter 3 we will introduce our data structure, which allows
us to speed up counting in the non-induced case. In chapter 4 we will show how we use this data
structure to count non-induced subgraphs of size 4. In chapter 5 we will show how we can use
this to count induced subgraphs of size 4 and prove conditional lower bounds for this case.
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Chapter 2

Preliminaries

Definition 1. (Graph) Let G be a graph. We write VG for the set of its nodes and EG for the
set of its edges. For a set of nodes VG and a set of edges EG we write G = (VG, EG) for the
graph with these nodes and edges.

Definition 2. (Dynamic Graph) A dynamic graph is an initial graph G with a sequence of edges
(updates) (e1, ..., ek). At the i-th edge ei, if ei has occured an odd number of times in the
sequence before i and ei is contained in the original graph or if ei has occured an even number
of times in the sequence before i and ei is not contained in the original graph, ei is inserted.
Conversely, if ei has occured an odd number of times in the sequence before i and ei is not
contained in the original graph or if ei has occured an even number of times in the sequence
before i and ei is contained in the original graph, ei is deleted.

Basically, when iteratively processsing the sequence of updates, ei is inserted if it does not
already exist at that time and deleted if it does.

Definition 3. (Subgraph) Let G be a graph and S ⊂ VG. We write G[S] for the subgraph of G
induced by S.

Definition 4. (Neighbourhood) Let G be a graph and u ∈ VG a vertex. We write N (u) = {v ∈
VG : {u, v} ∈ EG} for the set of vertices adjacent to u, ie. its neighbourhood.

Definition 5. (Degree of a Vertex) Let G be a graph and u ∈ VG a vertex. We write
δ(u) = |N (u)| for the degree of u. When considering an update {u, v}, we write δ′(u) =
|N (u)− {v}| , δ′(v) = |N (v)− {u}| and δ′(w) = δ(w) for all w ∈ VG − {u, v}.
Proposition 1. There are six connected graphs on four nodes: The path , the claw , the
paw , the cycle , the diamond and the clique .

Definition 6. (Subgraph Isomorphism) Let G,H be graphs. We call φ : VH → VG a subgraph
isomorphism from H to G, if for each edge {u, v} ∈ EH we have {φ(u), φ(v)} ∈ EG. We call
φ : VH → VG an induced subgraph isomorphism from H to G, if φ is a subgraph isomorphism
from H to G and for any pair of non-adjacent vertices u, v ∈ VH , {u, v} /∈ EH , we have
{φ(u), φ(v)} /∈ EG.

Note that for a non-induced subgraph isomorphism we might have {φ(u), φ(v)} ∈ EG despite
{u, v} /∈ EH .

Definition 7. (Subgraph Isomorphism Count) Let G,H be graphs. We denote by c(H,G) the
number of subgraph isomorphisms from H to G divided by the number of subgraph automor-
phisms from H to H. We also denote by cI(H,G) the number of induced subgraph isomorphisms
from H to G divided by the number of subgraph automorphisms from H to H.

The division helps us to get rid of double counting symmetries of H. We will generally write
G for the base graph and H for the subgraph of which the count we are interested in.

We are now ready to state the problem we study in this thesis:

3



Problem 1. For a dynamic graph G, what are upper and lower bounds for the runtime of a fully
dynamic algorithm computing c(H,G) or cI(H,G) for a connected graph H on four nodes in
terms of the number of edges |EG| in G?

In this thesis we will provide upper bounds by giving algorithms computing c(H,G) or
cI(H,G) within that upper bound. We will also show conditional lower bounds for comput-
ing cI(H,G) by reducing the problem of computing cI(H,G) to the problem of detecting a
4-clique in G, which is conjectured to not be solvable in time O(|VG|4−ε) for any ε > 0 (see eg.
[BHG+21],[LWW18],[ABW15]).

A common technique used in many subgraph counting algorithms (eg. [AYZ94], [EGST12],
[DLS20], [KNN+19]) is partitioning the vertices of G into low and high degree vertices:

Definition 8. (Low and High Degree Vertices) Let G be a graph, K ∈ R a threshold. We call
a partition of the vertices of G a partition into low and high degree vertices if for all low degree
vertices v ∈ VG we have δ(v) ≤ K, the number of high degree vertices v ∈ VG is bounded by

12 · |EG|
K

and for each vertex we can check in constant time to which partition it belongs. We
write L for the set of low degree vertices and H for the set of high degree vertices, ie.

VG = L ∪H,L ∩H = ∅, δ(v) ≤ K ∀v ∈ L, |H| ≤ 12
|EG|
K

.

For a vertex w ∈ VG, we write NL(w) = N (w) ∩ L for the set of neighbours of w with low
degree and NH(w) = N (w) ∩H for the set of neighbours of w with high degree.

We will show in chapter 3 how to get such a partition for a dynamic graph. An immediate
consequence is:

Proposition 2. We have |NL(w)| , |NH(w)| , |N (w)| ≤ K if w has low degree and |NH(w)| ≤
12 |EG|

K
for any vertex w ∈ VG.

The algorithms of Eppstein et al. [ES09], [EGST12] for maintaining c(H,G) given an updated
edge {u, v}, on which our algorithms are based on, work the following way: If H is isomorphic
to a subgraph of G and this subgraph contains {u, v}, then one edge e ∈ EH is mapped to
{u, v} under this isomorphism. Therefore we get the total number of subgraphs in G isomorphic
to H containing {u, v} if we count the number of subgraphs of G isomorphic to H, where e
is mapped to {u, v} for each e ∈ EH separately and add these counts. Therefore we have to
maintain counts for subgraphs H − e where the nodes incident to e are mapped to u and v.
Upon insertion or deletion of {u, v}, this count has to be added to or subtracted from c(H,G).
This procedure can be continued recursively: Instead of counting H− e, we can count H− e− e′

which allows us to maintain our count for H − e and so on. The cost of maintaining the count
of these subgraphs H − e depends on which of its nodes are high or low degree vertices in G, so
we have different counts depending on which nodes in H get mapped to low degree vertices and
which nodes get mapped to high degree vertices. This motivates the following definition:

Definition 9. (Auxiliary Subgraph Isomorphism Count) LetG be a dynamic graph partitioned into
low and high degree vertices as in definition 8, let H be the subgraph we would like to count. Let
IL, IH be disjoint subsets of VH and let IG = {v1, ..., v|IG|} be another subset of VH . (For IL, IH
and IG, L,H and G are just labels and do not refer to the sets of low/high degree vertices or the
graph G. However their image under the subgraph isomorphism is related to L,H and G which is
why we chose this notation.) Given any set of vertices {w1, ..., w|IG|} ⊂ VG, we denote the number
of subgraph isomorphisms φ : VH → VG from H to G with φ(v) ∈ L ∀v ∈ IL, φ(v) ∈ H ∀v ∈ IH
and φ(IG) = {w1, ..., w|IG|}, divided by the number of subgraph automorphisms from H to itself
by c(H,G, IG, IL, IH, {w1, ..., w|IG|}). (ie. IG are the vertices in VH which map to {w1, ..., w|IG|},
IH are vertices in VH which map to high degree vertices and IL are the vertices in VH which map
to low degree vertices.)
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In the example of maintaining H−e above, we would set IG = {uH , vH} for the nodes uH , vH
incident to e, ie. e = {uH , vH}. We would then maintain c(H−e,G, IG, ∅, ∅, {x, y}) for any pair
of vertices x, y ∈ VG, and upon insertion/removal of an edge {u, v} in G, add/subtract c(H −
e,G, IG, ∅, ∅, {u, v}) from c(H,G). As another example, notice c(H,G) = c(H,G, ∅, ∅, ∅, ∅).
Note that in this example or also in general there might be vertices in VH − (IG∪ IH∪ IL), which
are mapped under φ to some vertices in VG − {w1, ..., w|IG|} and we do not care whether these
vertices have high or low degree in G.

The auxiliary counts used by Eppstein et al. [EGST12] have in common that IH = ∅, IG∪IL =
VH , IG ∩ IL = ∅. Not having these restrictions allows us to taylor the subgraph maintained more
diligently and get better runtime estimates, because we have to iterate through H less often.
Having IH �= ∅ allows us to keep track of subgraphs containing high degree vertices without
having to go through H to find them. Same goes for having vertices in VH − (IG ∪ IL). The
algorithms by Eppstein et al. [EGST12] for counting paws, cycles and diamonds have two nested
loops iterating through neighbours of low degree vertices and two nested loops iterating through

the set of high degree vertices, yielding a runtime of O(max(K2, |EG|2
K2 ), which is minimized for

K =
√|EG|, ie. a runtime of O(|EG|). We will show in chapter 4 how to skip one loop through

the set of high degree vertices, yielding a runtime of O(max(K2, |EG|
K

), which is minimized for

K = |EG|
1
3 , ie. a runtime of O(|EG|

2
3 ).

The algorithms by Eppstein et al. [EGST12] for computing cI(H,G) use different techniques
and just require black-box algorithms for computing c(H,G). We will describe them in chapter
5.

5



Chapter 3

Auxiliary counts

As described in chapter 2 and shown by Eppstein et al. [EGST12], c(H,G) can be maintained with
the help of auxiliary counts c(H,G, IG, IL, IH, {w1, ..., w|IG|}). This chapter is solely dedicated to
discuss these auxiliary counts. We start off with a theorem showing how to maintain a partition of
the vertices of G into low and high degree vertices as in definition 8 with threshold K = |EG|α for
some α ∈ (0, 1) and how this partition allows us to maintain c(H,G, IG, IL, IH, {w1, ..., w|IG|})
in time O(|EG|β) for some β ∈ (0,∞) if we can show the following two claims:

1. c(H,G, IG, IL, IH, {w1, ..., w|IG|}) can be maintained in time O(|EG|β+α) when a vertex
changes from being a low degree vertex to being a high degree vertex or vice versa. (K =
|EG|α is the threshold in the partition into low and high degree vertices.)

2. c(H,G, IG, IL, IH, {w1, ..., w|IG|}) can be maintained in time O(|EG|β) when an edge is
updated where no vertex changes partition.

Different variations of this theorem are used in a many existing subgraph counting algorithms for
dynamic graphs, such as in [ES09], [EGST12], [DLS20], [KNN+19].

The remainders of this chapter will then be dedicated to proving these two things for various
auxiliary counts.

3.1 General Framework

Theorem 1. Let G be a dynamic graph and α ∈ (0, 1), β ∈ (0,∞). Set K = |EG|α. Then
there exists a partition of the vertices of G in low and high degree nodes as in definition 8 with
threshold K, such that for any sequence of |EG|

2
updates, the only vertices changing from being

a low to a high degree vertex or vice versa in an update are the vertices incident to the updated
edge, and any vertex changing from being a low to a high degree vertex or vice versa which will
not change again for the next Ω(K) updates during the same sequence of |EG|

2
updates. After

|EG|
2

updates, all nodes might change from being a low to a high degree vertex or vice versa. This
partition can be calculated initially in O(|EG|) time and updated in amortized constant time.

Moreover, given a count c(H,G, IG, IL, IH, {w1, ..., w|IG|}) as in definition 9 on this partition
for all w1, ..., w|IG| ∈ VG, wi �= wj, ie. for all |IG|-tuples of pairwise distinct vertices in G,
if we have an algorithm which updates c(H,G, IG, IL, IH, {w1, ..., w|IG|}) for all w1, ..., w|IG| ∈
VG, wi �= wj when a single vertex w with δ′(w) ≤ K changes from being a low to a high degree

vertex or vice versa in time |EG|α+β and if we have an algorithm which updates c(H,G, IG, IL, IH,
{w1, ..., w|IG|}) for all w1, ..., w|IG| ∈ VG, wi �= wj for an updated edge in time |EG|β under the
assumption that no vertex changes from being a low to a high degree vertex or vice versa, then
we can maintain c(H,G, IG, IL, IH, {w1, ..., w|IG|}) in amortized time O(|EG|β).
Proof. Step 0 (General setup):
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Because K = |EG|α changes during updates of G, we use a fixed threshold Kfix for the next
|EG|
2

updates, which we set to Kfix = 1
4
K = 1

4
|EG|α.

Step 1 (Initial partition):
We initially partition VG into low and high degree nodes as follows: For any vertex v with

δ(v) ≤ Kfix = 1
4
K = 1

4
|EG|α we insert v in L and mark v as a low degree vertex. For any vertex

v with δ(v) ≥ 2Kfix = 1
2
K = 1

2
|EG|α we insert v in H and mark v as a high degree vertex.

Any other vertex is arbitrarily assigned to either L or H and marked accordingly. Whenever
we move or insert a vertex in L or H from now on, we also implicitly mark v accordingly, so
we can determine which partition a vertex belongs in in constant time. Initially, we thus have
δ(v) < 2Kfix = 1

2
K ∀v ∈ L and δ(v) > Kfix = 1

4
K ∀v ∈ H. We also have

2 |EG| =
∑
v∈VG

δ(v) ≥
∑
v∈H

δ(v) ≥ 1

4
|H|K,

thus |H| ≤ 8|EG|
K

as required in definition 8. This initial partitioning takes O(|EG|) time.
Step 2 (Changes to partition during updates):

We fix Kfix for the next |EG|
2

updates. In this period, we change the partition only if an edge
{u, v} is inserted with u ∈ L and δ′(u) = �2Kfix� (then we move u from L to H) or v ∈ L and
δ′(v) = �2Kfix� (then we move v from L to H), or if an edge {u, v} is removed with u ∈ H
and δ′(u) = �Kfix� (then we move u from H to L) or v ∈ H and δ′(v) = �Kfix� (then we

move v from H to L). After |EG|
2

updates, we reset all vertices and partition them again as we

did initially. During the |EG|
2

updates, each update requires constant time as only a constant
number of vertices (the ones incident to the updated edge) are affected. The initial partitioning
requires O(|EG|) time, which can be amortized to constant time, as it only takes place every
|EG|
2

updates.

Step 3 (The number of edges can at most change by 50% during the sequence of |EG|
2

updates):
Let Gold be the initial graph or the graph after such a reset and Gnew be any graph arising

from Gold after
|EGold |

2
or less updates. Then at most

|EGold |
2

edges were inserted or removed,
thus we have |EGold

|
2

≤ |EGnew | ≤
3 |EGold

|
2

(3.1)

Step 4 (Proof that a vertex changes partitions at most every Ω(K) updates):
Obviously, a vertex changing from being a low degree vertex to being a high degree vertex or

vice versa does not change again for the next �2Kfix� − �Kfix� ≥ �Kfix − 2� updates when no
repartitioning occurs. We also have

Kfix =
1

4
|EGold

|α ≥ 1

4

(
2

3
|EGnew |

)α

≥ 1

6
|EGnew |α =

1

6
K ∈ Ω(K)

using equation 3.1. Therefore any vertex changing from being a low to a high degree vertex or
vice versa which will not change again for the next Ω(K) updates during the same sequence of
|EG|
2

updates.
Step 5 (Proof that the guarantees in definition 8 hold):
Let v ∈ L be a low degree vertex. This implies δ(v) ≤ 2Kfix = 1

2
|EGold

|α, otherwise v would
have been assigned to H. We calculate

δ(v) ≤ 1

2
|EGold

|α ≤ 1

2
· 2α · |EGnew |α ≤ |EGnew |α ≤ K.

Now let v ∈ H be a high degree vertex. This implies δ(v) ≥ Kfix = 1
4
|EGold

|α, otherwise v
would have been assigned to L. We calculate

δ(v) ≥ 1

4
|EGold

|α ≥ 1

4
·
(
2

3
|EGnew |

)α

≥ 1

6
|EGnew |α =

1

6
K,
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which yields

2 |EGnew | =
∑

v∈VGnew

δ(v) ≥
∑
v∈H

δ(v) ≥ 1

6
|H|K,

and therefore |H| ≤ 12|EG|
K

as required.
Step 6 (Proof that we can maintain c(H,G, IG, IL, IH, {w1, ..., w|IG|})):
Assume now we have algorithms maintaining c(H,G, IG, IL, IH, {w1, ..., w|IG|}) for all w1, ...,

w|IG| ∈ VG, wi �= wj when a single vertex changes partition or an update occurs without vertices
changing partition. Initially, after partitioning the vertices in low and high degree vertices, we
perform |EG| insertions in the graph (VG, ∅). This requires

∑|EG|
m=1 O(mβ) = O(|EG|β+1) time.

As this happens every |EG|
2

updates, we can amortize this cost to O(|EG|β) per update. At each
update {u, v} we check the degrees of u and v as described before and if necessary, move them
from L to H or vice versa. If w ∈ {u, v} is moved, we either have w ∈ L before the update
or w ∈ L after the update. In both cases we have δ′(w) ≤ K. If u or v change partition, this
takes O(|EG|α+β) time, otherwise we just check the degrees of u and v which takes constant
time. As a vertex changes partition at most once every Ω(K) updates, the time can be amortized
to O(|EG|β) per update. Doing the update itself also requires O(|EG|β) time, so we obtain an
overall amortized time of O(|EG|β) per update.

3.2 Auxiliary counts

We are now ready to show how to maintain various auxiliary counts. For each auxiliary count,
we will show how to maintain c(H,G, IG, IL, IH, {w1, ..., w|IG|}) when a vertex changes partition
and when an edge update occurs without changing the partition. Theorem 1 then implies that
c(H,G, IG, IL, IH, {w1, ..., w|IG|}) can be maintained.

Given a vertex changing the partition, we will have to prove that we can count all subgraphs
of G isomorphic to H, in which any node in IH ∪ IL is mapped to the vertex changing partition
under the subgraph isomorphism and we will treat each vertex in IH ∪ IL separately. Given an
edge update {u, v} we will have to count all subgraphs of G isomorphic to H, in which any edge
in H is mapped to {u, v} under the subgraph isomorphism and we will treat each edge in H
separately. Given IH and IL and which partition u and v are assigned to, many edges in H will
not be mapped to {u, v}, because the vertices incident to the edge in H are not mapped to the
same partition. Eg. if IH = VH , then any updated edge {u, v} with u ∈ L or v ∈ L will not
change c(H,G, IG, IL, IH, {w1, ..., w|IG|}).

Figure 3.1 illustrates the subgraphs which we are going to count in this chapter. The path in
definition 11 (see figure 3.1b, s2 in the work by Eppstein et al.), 13 (see figure 3.1d, s3 in the
work by Eppstein et al.), the claw in definition 15 (see figure 3.1f, s7 in the work by Eppstein
et al.) and the paw in definition 17 (see figure 3.1h, s5 in the work by Eppstein et al.) are also
used in the work by Eppstein et al. [EGST12]. We will repeat their proofs for the maintainance
of these auxiliary subgraph counts. Some other subgraphs differ (slightly) from the subgraphs in
the work of Eppstein et al. The path in definition 10 (see figure 3.1a) corresponds to s0, the
claw in definition 14 (see figure 3.1e) corresponds to s4 and the triangle in definition 16 (see
figure 3.1g) corresponds to s1 in the work of Eppstein et al. In these subgraphs, we replace some
low-degree vertices with arbitrary vertices, and show that we can maintain their counts with the
same methods. Finally, the path in definition 12 (see figure 3.1c) has no counterpart in the work
by Eppstein et al., and together with our modifications in the other auxiliary subgraphs will allow
us to skip looping through the high degree vertices later on when counting subgraphs of size four.

3.2.1 Auxiliary paths

Definition 10. Let G be a dynamic graph partitioned into low and high degree vertices as in
theorem 1 with threshold K. We define H to be a path of length 2, ie. VH = {v1, v2, v3} and
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(a) Path in definition 10.

(b) Path in definition 11.

(c) Path in definition 12.

(d) Path in definition 13.

(e) Claw in definition 14.

(f) Claw in definition 15.

(g) Triangle in definition 16.

(h) Paw in definition 17.

Figure 3.1: The subgraphs H in the discussed auxiliary counts. denotes a vertex in IL,
denotes a vertex in IH, denotes a vertex in IG, denotes a vertex in IH ∩ IG, and
denotes a vertex in VH − (IL ∪ IH ∪ IG). Edges are drawn bold.

EH = {{v1, v2}, {v2, v3}}. We also define IG = {v1}, IL = {v2}, IH = ∅, ie. the center node
has low degree and we fix one endpoint (see figure 3.1a).

Lemma 1. Let H,G, IG, IL, IH be as in definition 10. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x}) in time O(K) for all x ∈ VG.

Proof. First assume w was a low degree vertex and turns into a high degree vertex. Then for
each neighbour x of w we decrement c(H,G, IG, IL, IH, {x}) by δ′(w)− 1.

Now assume w was a high degree vertex and turns into a low degree vertex. Then for each
neighbour x of w we increment c(H,G, IG, IL, IH, {x}) by δ′(w)− 1.

Because of δ′(w) ≤ K, the number of neighbours of w is in O(K).

Lemma 2. Let H,G, IG, IL, IH be as in definition 10. Then given an update {u, v} where no
vertex changes partition we can maintain c(H,G, IG, IL, IH, {x}) in time O(K) for all x ∈ VG.

Proof. We distinguish four cases:

1. u, v ∈ L: For each neighbour w �= v of u, we increment/decrement c(H,G, IG, IL, IH, {w})
by 1. For each neighbour w �= u of v, we increment/decrement c(H,G, IG, IL, IH, {w})
by 1. As u and v are low-degree vertices, they have O(K) neighbours. We also incre-
ment/decrement c(H,G, IG, IL, IH, {u}) by δ′(v) and c(H,G, IG, IL, IH, {v}) by δ′(u).

2. u ∈ L, v ∈ H: For each neighbour w �= v of u, we increment/decrement c(H,G, IG, IL, IH,
{w}) by 1. We increment/decrement c(H,G, IG, IL, IH, {v}) by δ′(u). As u is a low-degree
vertex, it has O(K) neighbours.
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3. u ∈ H, v ∈ L: Analogous to the previous case with swapped roles for u and v.

4. u, v ∈ H: Nothing needs to be done here.

Corollary 1. LetH,G, IG, IL, IH be as in definition 10. Then we can maintain c(H,G, IG, IL, IH,
{x}) in amortized time O(K) for all x ∈ VG.

Proof. Follows from lemma 1, 2 and theorem 1

Definition 11. Let G be a dynamic graph partitioned into low and high degree vertices as in
theorem 1 with threshold K. We define H to be a path of length 2, ie. VH = {v1, v2, v3} and
EH = {{v1, v2}, {v2, v3}}. We also define IG = {v1, v3}, IL = {v2}, IH = ∅, ie. the center node
has low degree and we fix both endpoints (see figure 3.1b).

Lemma 3. Let H,G, IG, IL, IH be as in definition 11. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x, y}) in time O(K2) for all pairs of distinct vertices x, y ∈ VG.

Proof. First assume w was a low degree vertex and turns into a high degree vertex. For each
unordered pair of distinct neighbours x, y we decrement c(H,G, IG, IL, IH, {x, y}) by 1.

Now assume w was a high degree vertex and turns into a low degree vertex. For each
unordered pair of distinct neighbours x, y we increment c(H,G, IG, IL, IH, {x, y}) by 1.

Because of δ′(w) ≤ K, the number of pairs of neighbours of w is in O(K2).

Lemma 4. Let H,G, IG, IL, IH be as in definition 11. Then given an update {u, v} where no
vertex changes partition we can maintain c(H,G, IG, IL, IH, {x, y}) in time O(K) for all pairs
of distinct vertices x, y ∈ VG.

Proof. We distinguish four cases:

1. u, v ∈ L: For each neighbour w �= v of u, we increment/decrement c(H,G, IG, IL, IH,
{w, v}) by 1. For each neighbour w �= u of v, we increment/decrement c(H,G, IG, IL, IH,
{w, u}) by 1. As u and v are low-degree vertices, they have O(K) neighbours.

2. u ∈ L, v ∈ H: For each neighbour w �= v of u, we increment/decrement c(H,G, IG, IL, IH,
{w, v}) by 1. As u is a low-degree vertex, it has O(K) neighbours.

3. u ∈ H, v ∈ L: Analogous to the previous case with swapped roles for u and v.

4. u, v ∈ H: Nothing needs to be done here.

Corollary 2. LetH,G, IG, IL, IH be as in definition 11. Then we can maintain c(H,G, IG, IL, IH,
{x, y}) in time O(K) for all pairs of distinct vertices x, y ∈ VG.

Proof. Follows from lemma 3, 4 and theorem 1

Definition 12. Let G be a dynamic graph partitioned into low and high degree vertices as in
theorem 1 with threshold K. We define H to be a path of length 2, ie. VH = {v1, v2, v3} and
EH = {{v1, v2}, {v2, v3}}. We also define IG = {v1, v3}, IL = ∅, IH = {v1, v2, v3}, ie. all nodes
have high degree and we fix both endpoints (see figure 3.1c).

Lemma 5. Let H,G, IG, IL, IH be as in definition 12. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x, y}) in time O(max(K2, |EG|)) for all pairs of distinct vertices
x, y ∈ VG.
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Proof. First assume w was a low degree vertex and turns into a high degree vertex. For each un-
ordered pair of distinct high degree neighbours x, y of w we increment c(H,G, IG, IL, IH, {x, y})
by 1. Because of δ′(w) ≤ K, the number of pairs of high degree neighbours of w is in O(K2).
For every high degree neighbour x ∈ N (w) ∩ H and every high degree vertex y ∈ H which is

adjacent to x we increment c(H,G, IG, IL, IH, {w, y}) by 1. As there are O( |EG|
K

) high degree
vertices and w has O(K) neighbours, this requires at most O(|EG|) time.

Now assume w was a high degree vertex and turns into a low degree vertex. For each unordered
pair of distinct high degree neighbours x, y of w we decrement c(H,G, IG, IL, IH, {x, y}) by 1.
Because of δ′(w) ≤ K, the number of pairs of high degree neighbours of w is in O(K2). For

every high degree vertex x we set c(H,G, IG, IL, IH, {x, w}) = 0. As there are O( |EG|
K

) high

degree vertices, this requires at most O( |EG|
K

) time.

Lemma 6. Let H,G, IG, IL, IH be as in definition 12. Then given an update {u, v} where no

vertex changes partition we can maintain c(H,G, IG, IL, IH, {x, y}) in time O( |EG|
K

) for all pairs
of distinct vertices x, y ∈ VG.

Proof. Assume u and v have high degree, otherwise nothing needs to be done. For each high
degree vertex w �= v adjacent to u, we increment/decrement c(H,G, IG, IL, IH, {v, w}) by 1. For
each high degree vertex w �= u adjacent to v, we increment/decrement c(H,G, IG, IL, IH, {u, w})
by 1. By the definition of high degree vertices, there are at most 12 |EG|

K
high degree vertices.

Corollary 3. LetH,G, IG, IL, IH be as in definition 12. Then we can maintain c(H,G, IG, IL, IH,
{x, y}) in time O(max( |EG|

K
, K)) for all pairs of distinct vertices x, y ∈ VG.

Proof. Follows from lemma 5, 6 and theorem 1

Definition 13. Let G be a dynamic graph partitioned into low and high degree vertices as in
theorem 1 with threshold K. We define H to be a path of length 3, ie. VH = {v1, v2, v3, v4}
and EH = {{v1, v2}, {v2, v3}, {v3, v4}}. We also define IG = {v1, v4}, IL = {v2, v3}, IH = ∅, ie.
both internal nodes have low degree and we fix both endpoints (see figure 3.1d).

Lemma 7. Let H,G, IG, IL, IH be as in definition 13. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x, y}) in time O(K3) for all pairs of distinct vertices x, y ∈ VG.

Proof. First assume w was a low degree vertex and turns into a high degree vertex. Then
w has kL ≤ K + 1 low degree neighbours w1

L, ..., w
kL
L and kH ≤ K + 1 high degree neigh-

bours w1
H, ..., w

kH
H . For each neighbour x �= w of a low degree neighbour wj

L and for all
y ∈ {w1

L, ..., w
kL
L , w1

H, ..., w
kH
H } − {wj

L} we decrement c(H,G, IG, IL, IH, {x, y}) by 1. Each low
degree vertex has at most K neighbours, therefore the number of such pairs x, y is in O(K3).

Now assume w was a high degree vertex and turns into a low degree vertex. Then w has kL ≤
K+1 low degree neighbours w1

L, ..., w
kL
L and kH ≤ K+1 high degree neighbours w1

H, ..., w
kH
H . For

each neighbour x �= w of a low degree neighbour wj
L and for all y ∈ {w1

L, ..., w
kL
L , w1

H, ..., w
kH
H }−

{wj
L} we increment c(H,G, IG, IL, IH, {x, y}) by 1. Each low degree vertex has at most K

neighbours, therefore the number of such pairs x, y is in O(K3).

Lemma 8. Let H,G, IG, IL, IH be as in definition 13. Then given an update {u, v} where no
vertex changes partition we can maintain c(H,G, IG, IL, IH, {x, y}) in time O(K2) for all pairs
of distinct vertices x, y ∈ VG.

Proof. Let N 2
L,u = {w ∈ VG − {u, v} : ∃w′ ∈ NL(u) − {v} : {w,w′} ∈ EG} be the set of

neighours of low degree neighbours of u without u and v and analogously, let N 2
L,v = {w ∈

VG − {u, v} : ∃w′ ∈ NL(v) − {u} : {w,w′} ∈ EG} be the set of neighours of low degree
neighbours of v without u and v.

We distinguish four cases:
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1. u, v ∈ L: For all x ∈ N 2
L,u, increment/decrement c(H,G, IG, IL, IH, {x, v}) by 1. For

all x ∈ N 2
L,v, increment/decrement c(H,G, IG, IL, IH, {x, u}) by 1. For all x ∈ N (u) −

{v}, y ∈ N (v) − {u}, increment/decrement c(H,G, IG, IL, IH, {x, y}) by 1. As u and v
are low-degree vertices, they have O(K) neighbours and thus

∣∣N 2
L,u

∣∣ , ∣∣N 2
L,v

∣∣ ∈ O(K2).

2. u ∈ L, v ∈ H: For all x ∈ N 2
L(u), increment/decrement c(H,G, IG, IL, IH, {x, v}) by 1.

As u is a low-degree vertex, it has O(K) neighbours and thus
∣∣N 2

L,u
∣∣ ∈ O(K2).

3. u ∈ H, v ∈ L: Analogous to the previous case with swapped roles for u and v.

4. u, v ∈ H: Nothing needs to be done here.

Corollary 4. LetH,G, IG, IL, IH be as in definition 13. Then we can maintain c(H,G, IG, IL, IH,
{x, y}) in time O(K2) for all pairs of distinct vertices x, y ∈ VG.

Proof. Follows from lemma 7, 8 and theorem 1

3.2.2 Auxiliary Claws

Definition 14. Let G be a dynamic graph partitioned into low and high degree vertices as
in theorem 1 with threshold K. We define H to be the claw, ie. VH = {v1, v2, v3, v4} and
EH = {{v1, v2}, {v1, v3}, {v1, v4}}. (ie. v1 is the center node) We also define IG = {v2, v3}, IL =
{v1}, IH = ∅, ie. the center node has low degree and we fix two out of the three outer vertices.
(see figure 3.1e).

Lemma 9. Let H,G, IG, IL, IH be as in definition 14. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x, y}) in time O(K2) for all pairs of distinct vertices x, y ∈ VG.

Proof. First assume w was a low degree vertex and turns into a high degree vertex. For each
unordered pair of distinct neighbours x, y of w we decrement c(H,G, IG, IL, IH, {x, y}) by δ′(w)−
2.

Now assume w was a high degree vertex and turns into a low degree vertex. For each unordered
pair of distinct neighbours x, y of w we increment c(H,G, IG, IL, IH, {x, y}) by δ′(w)− 2.

Because of δ′(w) ≤ K, the number of pairs of neighbours of w is in O(K2).

Lemma 10. Let H,G, IG, IL, IH be as in definition 14. Then given an update {u, v} where no
vertex changes partition we can maintain c(H,G, IG, IL, IH, {x, y}) in time O(K2) for all pairs
of distinct vertices x, y ∈ VG.

Proof. We distinguish four cases:

1. u, v ∈ L: For each unordered pair of distinct neighbours w,w′ ∈ N (u) − {v} of u, we
increment/decrement c(H,G, IG, IL, IH, {w,w′}) by 1. For each unordered pair of distinct
neighbours w,w′ ∈ N (v)−{u} of v, we increment/decrement c(H,G, IG, IL, IH, {w,w′})
by 1. For each neighbour w ∈ N (u) − {v}, we increment/decrement c(H,G, IG, IL, IH,
{w, v}) by δ′(u) − 1. For each neighbour w ∈ N (v) − {u}, we increment/decrement
c(H,G, IG, IL, IH, {w, u}) by δ′(v) − 1. As u and v are low-degree vertices, they have
O(K) neighbours, thus this requires O(K2) time.

2. u ∈ L, v ∈ H: For each unordered pair of neighbours w,w′ ∈ N (u) − {v} of u, we
increment/decrement c(H,G, IG, IL, IH, {w,w′}) by 1. For every neighbour w ∈ N (u)−
{v} of u, we increment/decrement c(H,G, IG, IL, IH, {w, v}) by δ′(u) − 1. As u is a
low-degree vertex, it has O(K) neighbours, thus this requires O(K2) time.
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3. u ∈ H, v ∈ L: Analogous to the previous case with swapped roles for u and v.

4. u, v ∈ H: Nothing needs to be done here.

Corollary 5. LetH,G, IG, IL, IH be as in definition 14. Then we can maintain c(H,G, IG, IL, IH,
{x, y}) in time O(K2) for all pairs of distinct vertices x, y ∈ VG.

Proof. Follows from lemma 9, 10 and theorem 1

Definition 15. Let G be a dynamic graph partitioned into low and high degree vertices as in
theorem 1 with threshold K. We define H to be the claw, ie. VH = {v1, v2, v3, v4} and EH =
{{v1, v2}, {v1, v3}, {v1, v4}}. (ie. v1 is the center node) We also define IG = {v2, v3, v4}, IL =
{v1}, IH = ∅, ie. the center node has low degree and we fix all outer vertices. (see figure 3.1f).

Lemma 11. Let H,G, IG, IL, IH be as in definition 15. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x, y, z}) in time O(K3) for all triples of distinct vertices x, y, z ∈
VG.

Proof. First assume w was a low degree vertex and turns into a high degree vertex. For each
unordered triple of distinct neighbours x, y, z of w we decrement c(H,G, IG, IL, IH, {x, y, z}) by
1.

Now assume w was a high degree vertex and turns into a low degree vertex. For each
unordered triple of distinct neighbours x, y, z of w we increment c(H,G, IG, IL, IH, {x, y, z}) by
1.

Because of δ′(w) ≤ K, the number of triples of neighbours of w is in O(K3).

Lemma 12. Let H,G, IG, IL, IH be as in definition 15. Then given an update {u, v} where
no vertex changes partition we can maintain c(H,G, IG, IL, IH, {x, y, z}) in time O(K2) for all
triples of distinct vertices x, y, z ∈ VG.

Proof. We distinguish four cases:

1. u, v ∈ L: For each unordered pair of distinct neighbours w,w′ ∈ N (u) − {v} of u,
we increment/decrement c(H,G, IG, IL, IH, {w,w′, v}) by 1. For each unordered pair of
distinct neighbours w,w′ ∈ N (v)−{u} of v, we increment/decrement c(H,G, IG, IL, IH,
{w,w′, u}) by 1. As u and v are low-degree vertices, they have O(K) neighbours and thus
O(K2) pairs of neighbours.

2. u ∈ L, v ∈ H: For each unordered pair of distinct neighbours w,w′ ∈ N (u) − {v} of u,
we increment/decrement c(H,G, IG, IL, IH, {w,w′, v}) by 1. As u is a low-degree vertex,
it has O(K) neighbours and thus O(K2) pairs of neighbours.

3. u ∈ H, v ∈ L: Analogous to the previous case with swapped roles for u and v.

4. u, v ∈ H: Nothing needs to be done here.

Corollary 6. LetH,G, IG, IL, IH be as in definition 15. Then we can maintain c(H,G, IG, IL, IH,
{x, y, z}) in time O(K2) for all triples of distinct vertices x, y, z ∈ VG.

Proof. Follows from lemma 11, 12 and theorem 1
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3.2.3 Auxiliary Triangles

Definition 16. Let G be a dynamic graph partitioned into low and high degree vertices as
in theorem 1 with threshold K. We define H to be a triangle, ie. VH = {v1, v2, v3} and
EH = {{v1, v2}, {v2, v3}, {v1, v3}}. We also define IG = {v1}, IL = ∅, IH = {v1}, ie. one vertex
has high degree and we fix that vertex. (see figure 3.1g).

Lemma 13. Let H,G, IG, IL, IH be as in definition 16. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x}) in time O(K2) for all x ∈ VG.

Proof. First assume w was a low degree vertex and turns into a high degree vertex. Then
for each unordered pair x, y of distinct neighbours of w with {x, y} ∈ EG we increment
c(H,G, IG, IL, IH, {w}) by 1.

Now assume w was a high degree vertex and turns into a low degree vertex. Then we set
c(H,G, IG, IL, IH, {w}) = 0.

Because of δ′(w) ≤ K, the number of pairs of neighbours of w is in O(K2).

Lemma 14. Let H,G, IG, IL, IH be as in definition 16. Then given an update {u, v} where no

vertex changes partition we can maintain c(H,G, IG, IL, IH, {x}) in time O(max(K, |EG|
K

)) for
all x ∈ VG.

Proof. For each w in H, we check whether w is adjacent to both u and v and if so, incre-
ment/decrement c(H,G, IG, IL, IH, {w}) by 1. If u ∈ H or v ∈ H, we also increment/decrement
c(H,G, IG, IL, IH, {u}) or c(H,G, IG, IL, IH, {v}), respectively, by 1 for every such w. As there

are O( |EG|
K

) high degree vertices, this requires O( |EG|
K

) time. If u ∈ H, we further incre-
ment/decrement c(H,G, IG, IL, IH, {u}) by the number of paths of length two connecting u
and v via a low degree node. This number can be maintained in O(K) amortized time using
corollary 2. If v ∈ H, we also increment/decrement c(H,G, IG, IL, IH, {v}) by the number of
paths of length two connecting u and v via a low degree node.

Corollary 7. LetH,G, IG, IL, IH be as in definition 16. Then we can maintain c(H,G, IG, IL, IH,
{x}) in amortized time O(max(K, |EG|

K
)) for all x ∈ VG.

Proof. Follows from lemma 13, 14 and theorem 1

3.2.4 Auxiliary Paws

Definition 17. Let G be a dynamic graph partitioned into low and high degree vertices as in
theorem 1 with threshold K. We define H to be a paw, ie. VH = {v1, v2, v3, v4} and EH =
{{v1, v2}, {v2, v3}, {v2, v4}, {v3, v4}}. We also define IG = {v1, v3}, IL = {v2, v4}, IH = ∅, ie.
the center vertex has low degree, as well as another vertex which is part of the triangle and we
fix the other two vertices (see figures 3.1h and 3.2a).

Lemma 15. Let H,G, IG, IL, IH be as in definition 17. Then given a vertex w which changes
from being a low degree vertex to a high degree vertex or vice versa with δ′(w) ≤ K we can
maintain c(H,G, IG, IL, IH, {x, y}) in time O(K3) for all pairs of distinct vertices x, y ∈ VG.

Proof. First assume w was a low degree vertex and turns into a high degree vertex. For all
ordered pairs x, y of neighbours of w with {x, y} ∈ EG, where x is a low degree vertex, we
decrement c(H,G, IG, IL, IH, {z, y}) by 1 for every z ∈ N (x) − {w, y} and we decrement
c(H,G, IG, IL, IH, {z′, y}) by 1 for every z′ ∈ N (w)− {x, y}.

Now assume w was a high degree vertex and turns into a low degree vertex. For all or-
dered pairs x, y of neighbours of w with {x, y} ∈ EG, where x is a low degree vertex, we
increment c(H,G, IG, IL, IH, {z, y}) by 1 for every z ∈ N (x) − {w, y} and we increment
c(H,G, IG, IL, IH, {z′, y}) by 1 for every z′ ∈ N (w)− {x, y}. (see figures 3.2b and 3.2c)
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Because of δ′(w) ≤ K, N (w) ∈ O(K), the number of pairs of neighbours of w is in O(K2)
and N (x) ∈ O(K) (because x is a low degree vertex), yielding a runtime of O(K3).

Lemma 16. Let H,G, IG, IL, IH be as in definition 17. Then given an update {u, v} where no
vertex changes partition we can maintain c(H,G, IG, IL, IH, {x, y}) in time O(K2) for all pairs
of distinct vertices x, y ∈ VG.

Proof. We distinguish four cases:

1. u, v ∈ L: We distinguish the counts for each edge in the paw to which {u, v} may be
mapped to.

(a) {v1, v2} is mapped to {u, v}. (see figure 3.2d): For each ordered pair of neighbours
w,w′ ∈ N (u) − {v} of u with {w,w′} ∈ EG where w′ is a low degree vertex
we increment/decrement c(H,G, IG, IL, IH, {v, w}) by 1. For each ordered pair of
neighbours w,w′ ∈ N (v) − {u} of v with {w,w′} ∈ EG where w′ is a low degree
vertex we increment/decrement c(H,G, IG, IL, IH, {u, w}) by 1. As u and v are
low-degree vertices, both have O(K2) pairs of neighbours and this requires O(K2)
time.

(b) {v2, v3} is mapped to {u, v}. (see figure 3.2e): For each ordered pair of distinct
neighbours w,w′ ∈ N (u)−{v} of u, such that w is a low degree vertex and adjacent
to v, we increment/decrement c(H,G, IG, IL, IH, {v, w′}) by 1. For each ordered pair
of distinct neighbours w,w′ ∈ N (v) − {u} of v, such that w is a low degree vertex
and adjacent to u, we increment/decrement c(H,G, IG, IL, IH, {u, w′}) by 1. As u
and v are low-degree vertices, both have O(K2) pairs of neighbours and this requires
O(K2) time.

(c) {v2, v4} is mapped to {u, v}. (see figure 3.2f): For each ordered pair of distinct
neighbours w,w′ ∈ N (u) − {v} of u, such that w is adjacent to v, we incre-
ment/decrement c(H,G, IG, IL, IH, {w,w′}) by 1. For each ordered pair of dis-
tinct neighbours w,w′ ∈ N (v) − {u} of v, such that w is adjacent to u, we in-
crement/decrement c(H,G, IG, IL, IH, {w,w′}) by 1. As u and v are low-degree
vertices, both have O(K2) pairs of neighbours and this requires O(K2) time.

(d) {v3, v4} is mapped to {u, v}. (see figure 3.2g): For every low degree neighbour w of
u, which is also adjacent to v, we increment/decrement c(H,G, IG, IL, IH, {u, w′})
and c(H,G, IG, IL, IH, {v, w′}) by 1 each for every w′ ∈ N (w) − {u, v}. As u is a
low-degree vertex, it has O(K) low degree neighbours, which in turn also have O(K)
neighbours, so this requires O(K2) time.

2. u ∈ L, v ∈ H: Again, we distinguish the counts for each edge in the paw to which {u, v}
may be mapped to.

(a) {v1, v2} is mapped to {u, v}. (see figure 3.2d): For each ordered pair of neighbours
w,w′ ∈ N (u) − {v} of u with {w,w′} ∈ EG where w′ is a low degree vertex we
increment/decrement c(H,G, IG, IL, IH, {v, w}) by 1. As u is a low-degree vertex, it
has O(K2) pairs of neighbours and this requires O(K2) time.

(b) {v2, v3} is mapped to {u, v}. (see figure 3.2e): For each ordered pair of distinct
neighbours w,w′ ∈ N (u)−{v} of u, such that w is a low degree vertex and adjacent to
v, we increment/decrement c(H,G, IG, IL, IH, {v, w′}). As u is a low-degree vertex,
it has O(K2) pairs of neighbours and this requires O(K2) time.

(c) {v3, v4} is mapped to {u, v}. (see figure 3.2g): For every low degree neighbour w of
u, which is also adjacent to v, we increment/decrement c(H,G, IG, IL, IH, {v, w′})
by 1 for every w′ ∈ N (w) − {u, v}. As u is a low-degree vertex, it has O(K) low
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(b) Paw in proof of lemma 15
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(d) Paw in proof of lemma 16
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(e) Paw in proof of lemma 16
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(f) Paw in proof of lemma 16
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v/uv/u

(g) Paw in proof of lemma 16

Figure 3.2: Paws used in subsection 3.2.4. Crossed out vertices are mapped to IG under the
subgraph isomorphism, upside down triangles are mapped to IL under the subgraph isomorphism.
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degree neighbours, which in turn also have O(K) neighbours, so this requires O(K2)
time.

3. u ∈ H, v ∈ L: Analogous to the previous case with swapped roles for u and v.

4. u, v ∈ H: Nothing needs to be done here.

Corollary 8. LetH,G, IG, IL, IH be as in definition 17. Then we can maintain c(H,G, IG, IL, IH,
{x, y}) in amortized time O(K2) for all pairs of distinct vertices x, y ∈ VG.

Proof. Follows from lemma 15, 16 and theorem 1

17



Chapter 4

Non-induced Subgraph Isomorphism

Our algorithms for maintaining c(H,G) given an updated edge e work the following way: If H is
isomorphic to a subgraph of G and this subgraph contains e, then one edge e′ ∈ EH is mapped
to e under this isomorphism. Therefore we get the total number of subgraphs in G isomorphic
to H if we count the number of subgraphs of G isomorphic to H, where e′ is mapped to e for
each e′ ∈ EH separately and add these counts. These auxiliary counts are maintained using the
procedures described in chapter 3 and they are updated before we update c(H,G).

This is the same technique that is also used in the work by Eppstein et al. [EGST12], so
our proofs are very similar. We repeat their algorithm for paths and claws, as we could not find
an improvement. In the case of paw, cycle and diamond, we can skip one iteration through H
compared to Eppstein et al. when counting certain subgraphs containing three or more high
degree vertices, but otherwise copy their algorithm. As mentioned in chapter 2, skipping this
iteration yields faster runtimes, as instead of having two nested loops over the neighbours of
low degree vertices and two nested loops over the set of high degree vertices yielding a runtime

of O
(
max

(
K2,

(
|EG|
K

)2
))

= O(|EG|) (for K =
√
EG) we have two nested loops over the

neighbours of low degree vertices and a single loop over the set of high degree vertices yielding

a runtime of O
(
max

(
K2, |EG|

K

))
= O(|EG|

2
3 ) (for K = |EG|

1
3 ).

We will use theorem 1 to partition the vertices in G into low and high degree vertices. Unlike
the auxiliary counts in chapter 3, we do not care when vertices switch the partition, because the
total count c(H,G) does not depend on the partition.

4.1 Paths

Theorem 2. Let G be a dynamic graph. We can maintain c( , G) in amortized time O(
√|EG|).

Proof. We partition G into low and high degree vertices as in theorem 1 with threshold K =
|EG|α.

When an edge {u, v} is inserted/deleted, three types of paths can arise/vanish: paths in
which u is the endpoint, paths in which v is the endpoint and paths in which neither u nor v is
the endpoint.

In the first case, c( , G) changes by the number of paths of length 2, in which v is the
endpoint and the central node has low degree, which we can maintain in O(K) amortized time
by corollary 1, plus the number of paths of length 2, in which v is the endpoint and the central
node has high degree. We can count the number of paths with endpoint v and a high degree
central node in time O( |EG|

K
) by adding δ(w)− 1 for every w ∈ (N (v) ∩H)− {u}. In the case

of inserting {u, v}, we have to correct for paths of length 2 which contain the edge {u, v}, if u
is a low degree vertex. This can be done by subtracting δ′(u).

The second case is analogous to the first case.
In the third case, c( , G) changes by δ′(u) · δ′(v).
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The choice K =
√|EG| yields the desired runtime.

4.2 Claws

Theorem 3. Let G be a dynamic graph. We can maintain c( , G) in constant time.

Proof. The number of claws with a vertex v as center node is
(
δ(v)
3

)
with the convention

(
n
k

)
= 0

for n < k. The total number of claws is thus given by

c( , G) =
∑
v∈VG

(
δ(v)

3

)
.

Maintaining δ(v) can be done in constant time. Thus, when inserting an edge {u, v}, the count
has to be increased by

(
δ′(u)+1

3

)− (
δ′(u)
3

)
+
(
δ′(v)+1

3

)− (
δ′(v)
3

)
and when deleting an edge {u, w},

the count has to be decreased by
(
δ′(u)
3

)− (
δ′(u)−1

3

)
+
(
δ′(v)
3

)− (
δ′(v)−1

3

)

4.3 Paws

Lemma 17. Let G be a dynamic graph partitioned into low and high degree vertices as in
theorem 1 with threshold K = |EG|α. Given an update {u, v}, we can calculate the number of
triangles containing {u, v} (ie. the number of triangles after inserting or before removing {u, v})
in O(max(K, |EG|

K
)) amortized time.

Proof. There are two types of triangles containing {u, v}: Triangles {u, v, w}, where w is a low
degree vertex and triangles {u, v, w}, where w is a high degree vertex. The number of triangles,
where w is a low degree vertex is the number of paths of length 2 between u and v, where the
center node has low degree. This can be counted in O(K) amortized time by corollary 2. The
number of triangles where w is a high degree vertex can be calculated by iterating through the
set of high degree vertices H and for each of them checking whether it is adjacent to both u and
v. As |H| ≤ 12 |EG|

K
, this is done in O( |EG|

K
) time.

Theorem 4. Let G be a dynamic graph. We can maintain c( , G) in amortized time O(|EG|
2
3 ).

Proof. We partition G into low and high degree vertices as in theorem 1 with threshold K =
|EG|α.

When an edge {u, v} is inserted/deleted, three types of paws can arise/vanish: {u, v} can
be the edge connecting the two vertices with degrees one and three (see figure 4.1a and 4.1b),
{u, v} can be the edge connecting the two vertices with degree two (see figure 4.1c) or {u, v}
can be one of the two edges connecting two vertices with degrees two and three (see figure 4.1d).

For the first type, wlog assume u is the vertex corresponding to the vertex with degree one
in the paw and v is the vertex corresponding to the vertex with degree three in the paw, we
can update analogously in the other case. The number of paws then changes by the number of
triangles containing v but not u. If v is a high degree vertex (see figure 4.1a), using corollary 7

we can maintain the number of triangles containing v in time O(max(K, |EG|
K

)). If {u, v} was
inserted, this includes triangles containing {u, v}, so we subtract the number of triangles con-

taining {u, v} in time O(max(K, |EG|
K

)) using lemma 17. If v is a low degree vertex (see figure
4.1b), then for each unordered pair of vertices in N (v) − {u} we check whether this unordered
pair forms a triangle with v, and calculate the number of triangles containing v but not u this
way in time O(K2). Thus counting the first type of paws requires O(max(K2, |EG|

K
)) time.

For the second type (see figure 4.1c), we add/subtract the number of claws in which u and
v are two of the three outer vertices to our count. The number of such claws with a low degree
center node are maintained in O(K2) time due to corollary 5, the number of such claws with a
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Figure 4.1: Paws in the proof of theorem 4. denotes low degree vertices, denotes high
degree vertices and denotes arbitrary vertices.

high degree center node can be counted by checking for each high degree vertex w ∈ H whether
it is adjacent to both u and v and if so, adding/subtracting δ(w) − 2, which requires O( |EG|

K
)

time as there are O( |EG|
K

) high degree vertices.
For the third type (see figure 4.1d), we calculate the number of triangles containing {u, v} in

time O(max(K, |EG|
K

)) using lemma 17. Each triangle contributes to δ′(u)− 1+ δ′(v)− 1 paws,
so the product is added/subtracted from our overall count.

The choice K = |EG|
1
3 yields the desired runtime.

4.4 Cycles

Definition 18. Let ({a, b, c, d}, {{a, b}, {b, c}, {c, d}, {d, a}}) be a cycle. We refer to {c, d} as
the opposite edge of {a, b}

Theorem 5. Let G be a dynamic graph. We can maintain c( , G) in amortized time O(|EG|
2
3 ).

Proof. We partition G into low and high degree vertices as in theorem 1 with threshold K =
|EG|α.

For an updated edge {u, v} there are three types of cycles to account for:

1. Cycles in which the opposite edge is incident to two low degree vertices (see figure 4.2a):
The number of these cycles is counted using corollary 4 in amortized time O(K2) time.

2. Cycles in which the opposite edge is incident to a low and a high degree vertex (see figure
4.2b): Wlog assume u is adjacent to the low degree vertex in the opposite edge. (Ie.
we run the following algorithm also with u and v swapped.) For each high degree vertex
w ∈ H− {u, v} adjacent to v we add/subtract the number of paths of length 2 to u with
a low degree vertex in the center of the path, which can be maintained using corollary 2
in O(K) amortized time. If v is a low-degree vertex, this also adds all paths through v,
so for each high degree vertex adjacent to v, one has to be subtracted/added back. Since

there are O( |EG|
K

) high degree vertices, this can be done in O( |EG|
K

) time.

Counting this type of cycles thus requires O(max(K, |EG|
K

)) time.

3. Cycles in which the opposite edge is incident to two high degree vertices: If u and v are
both low degree vertices (see figure 4.2c), then for all x ∈ NH(u)−{v}, y ∈ NH(v)−{u}
we increment/decrement the cycle count by 1 if x and y are adjacent. As u and v have
low degree, this takes O(K2) time. Otherwise wlog. assume u has high degree (see figure
4.2d). For every high degree vertex w which is adjacent to v we increment/decrement the
cycle count by the number of paths of length 2 with a high degree vertex in the center
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Figure 4.2: Cycles in the proof of theorem 5. denotes low degree vertices, denotes high
degree vertices and denotes arbitrary vertices.

of the path connecting u and w. The number of paths of length 2 with a high degree
vertex in the center of the path can be counted using corollary 3in O( |EG|

K
) amortized time.

If v is also a high degree vertex, the paths include the path u − v − w, so 1 must be
subtracted/added back to the cycle count for each high degree vertex w adjacent to v.

Counting this type of cycles thus also requires O(max( |EG|
K

, K2)) time.

The choice K = |EG|
1
3 yields the desired runtime.

4.5 Diamonds

Theorem 6. Let G be a dynamic graph. We can maintain c( , G) in amortized time O(|EG|
2
3 ).

Proof. We partition G into low and high degree vertices as in theorem 1 with threshold K =
|EG|α.

An updated edge {u, v} could contribute to two types of diamonds: Diamonds in which this
edge is the chord of the surrounding cycle and diamonds in which this edge is part of the cycle.

To count the diamonds whose chord is {u, v}, we distinguish two cases:

1. u or v is a low degree vertex (see figure 4.3a): Wlog assume u is a low degree vertex.
For all unordered pairs of neighbours x �= y ∈ N (u) − {v} we check whether we have
{x, v}, {y, v} ∈ EG, and if so, increment/decrement our count by 1. As u has low degree,
|N (u)| ≤ K, so this can be done in O(K2) time.

2. u and v are high degree vertices (see figure 4.3b): By corollary 2 we can count the paths of
length 2 with low degree center node connecting u and v in O(K) time. By corollary 3 we

can count paths of length 2 with high degree center node connecting u and v in O( |EG|
K

)
time. Therefore we can determine the number of paths of length two connecting u and
v in time O(max( |EG|

K
, K)). Let this number be ν. Then we increment/decrement the

diamond count by (ν−1)ν
2

.

We conclude that we can count the diamonds whose chord is {u, v} in time O(max( |EG|
K

, K2)).
To count the diamonds where {u, v} is part of the cycle (ie. out of {u, v} one vertex is

incident to the diamond’s chord and one is not, and out of the other two vertices one vertex is
incident to the diamond’s chord and one is not), we distinguish four cases:

1. The other vertices in the diamond are low degree vertices: (see figure 4.3c) The number
of this type of diamonds is given by the number of paws in which {u, v} are mapped to
the vertices with degree one and one of the vertices with degree two in the paw, which is
maintained in O(K2) time using corollary 8.
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2. The other vertex incident to the diamond’s chord is a low degree vertex, and the fourth
vertex of the diamond is a high degree vertex: (see figure 4.3d) This type of diamonds

can be counted by iterating through the set of high degree vertices in O( |EG|
K

) time, and
for each w ∈ H − {u, v} adding the number of claws with a low-degree center vertex and
u, v, w as outer vertices. The number of such claws is counted in corollary 6 in time O(K2).

3. The other vertex incident to the diamond’s chord is a high degree vertex, and the fourth
vertex of the diamond is a low degree vertex: (see figure 4.3e) This type of diamonds can

be counted by iterating through the set of high degree vertices in O( |EG|
K

) time, and for
each w ∈ H − {u, v} adjacent to both u and v adding/subtracting the number of paths
of length 2 with a low degree center node between w and u and the number of paths of
length 2 with a low degree center node between w and v. The number of these paths can
be maintained in time O(K) using corollary 2. If u or v are low degree vertices, these
paths contain paths with u or v being the center node of the path, so for each low degree
vertex in {u, v}, one has to be subtracted/added back to the diamond count.

4. Both other vertices are high degree vertices: Wlog assume u is incident to the chord (ie.
we do the same procedure with u and v swapped). We further distinguish two subcases:
If u is a low degree vertex (see figure 4.3f), we iterate through all ordered pairs of high-
degree neighbours (x, y), x �= y ∈ NH(u) − {v} and for each pair we check whether we
have {x, v}, {x, y} ∈ EG and if so, increment/decrement our count by 1. This requires
O(K2) time, as |NH(u)| ≤ K. If u is a high degree vertex (see figure 4.3g), we check
for each high degree vertex w ∈ H − {u, v}, whether we have {u, w}, {v, w} ∈ EG and if
so, increase/decrease our diamond count by the number of paths of length 2 connecting u
and w via a high degree node. If v is a high degree vertex, the diamond count has to be
decremented/incremented by one, as the paths of length 2 also include the path u−v−w.
The number of these paths can be maintained in O(EG

K
) time according to corollary 3. The

number of high degree vertices is bounded by O(EG

K
), thus this type of diamonds can be

counted in O(EG

K
) time.

We conclude that we can count the diamonds where {u, v} is part of the cycle in timeO(max( |EG|
K

,
K2)).

The choice K = |EG|
1
3 thus yields the desired runtime.
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Figure 4.3: Diamonds in the proof of theorem 6. denotes low degree vertices, denotes
high degree vertices and denotes arbitrary vertices.
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Chapter 5

Induced Subgraph Isomorphism

As mentioned in chapter 2, we will show that computing the number of induced subgraph iso-
morphisms cI(H,G) is as hard as counting 4-cliques. Our hardness proof uses equations for these
counts cI(H,G) in terms of the number of 4-cliques in G and the counts of different non-induced
subgraph isomorphisms c(H ′, G) which can be maintained in time o(|EG|) as shown in chapter 4.
These equations for four-vertex subgraphs have been used by Eppstein et al. [EGST12] to obtain
algorithms counting cI(H,G). We first show a derivation of these equations and how they are
used to count cI(H,G) in the work of Eppstein et al., after which we will be able to show our
hardness result.

The following well-known theorem (eg. theorem 2.3 in [Koc82]) is the main idea behind these
equations:

Theorem 7. Let G,H be any graph and let S be the set of all graphs on |VH | nodes. Then

c(H,G) =
∑
S∈S

c(H,S) · cI(S,G).

We give a derivation in the case of connected four-vertex graphs:

Theorem 8. Let G be any graph, H be a connected graph with four nodes and let S be the set
of all connected graphs on four nodes. Then

c(H,G) =
∑
S∈S

c(H,S) · cI(S,G).

Proof. For the proof of this theorem, we will write A ∼ B if the graphs A and B are isomorphic.
First note

c(H,G) =
∑

a,b,c,d∈VG,
a,b,c,d pairwise distinct

c(H,G[{a, b, c, d}]).

Because H is connected, c(H,G[{a, b, c, d}]) �= 0 implies that a, b, c, d are connected, thus
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G[{a, b, c, d}] is connected, therefore G[{a, b, c, d}] ∈ S. We conclude

c(H,G) =
∑

a,b,c,d∈VG,
a,b,c,d pairwise distinct,

G[{a,b,c,d}]∈S

c(H,G[{a, b, c, d}])

=
∑
S∈S

∑
a,b,c,d∈VG,

a,b,c,d pairwise distinct,
G[{a,b,c,d}]∼S

c(H,G[{a, b, c, d}])

=
∑
S∈S

∑
a,b,c,d∈VG,

a,b,c,d pairwise distinct,
G[{a,b,c,d}]∼S

c(H,S)

=
∑
S∈S

c(H,S) ·
∑

a,b,c,d∈VG,
a,b,c,d pairwise distinct,

G[{a,b,c,d}]∼S

1

=
∑
S∈S

c(H,S) · cI(S,G).

Since H,S ∈ S and |S| = 6, the coefficients c(H,S) in theorem 8 can be determined
explicitly:

Lemma 18.

c( , ) = 2

c( , ) = 4

c( , ) = 6

c( , ) = 12

c( , ) = 1

c( , ) = 2

c( , ) = 4

c( , ) = 4

c( , ) = 12

c( , ) = 1

c( , ) = 3

c( , ) = 6

If G,H are connected graphs on four nodes and c(H,G) is not mentioned in this list, then
c(H,G) = 1 if G and H are isomorphic and c(H,G) = 0 otherwise.

Proof. The non-isomorphic pairs of graphs G,H not mentioned in this list have in common that
|EH | ≥ |EG|. If |EH | > |EG|, then obviously c(H,G) = 0, and if |EH | = |EG|, then any proper
subgraph of G has fewer edges than H, so it cannot be isomorphic to H and G itself is also not
isomorphic to H due to our assumption, therefore we also have c(H,G) = 0.
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We have

c( , ) =
∣∣∣{ , }

∣∣∣
c( , ) =

∣∣∣{ , , , }
∣∣∣

c( , ) =
∣∣∣{ , , , , , }

∣∣∣
c( , ) =

∣∣∣{ , , , , , , , , , , , }
∣∣∣

c( , ) =
∣∣∣{ }

∣∣∣
c( , ) =

∣∣∣{ , }
∣∣∣

c( , ) =
∣∣∣{ , , , }

∣∣∣
c( , ) =

∣∣∣{ , , , }
∣∣∣

c( , ) =
∣∣∣{ , , , , , , , , , , , }

∣∣∣
c( , ) =

∣∣∣{ }
∣∣∣

c( , ) =
∣∣∣{ , , }

∣∣∣
c( , ) =

∣∣∣{ , , , , , }
∣∣∣

Now we can plug these coefficients into the equations of theorem 8.

Corollary 9. Let G be any graph. Then

c( , G) = cI( , G) + 2cI( , G) + 4cI( , G) + 6cI( , G) + 12cI( , G)

c( , G) = cI( , G) + cI( , G) + 2cI( , G) + 4cI( , G)

c( , G) = cI( , G) + 4cI( , G) + 12cI( , G)

c( , G) = cI( , G) + cI( , G) + 3cI( , G)

c( , G) = cI( , G) + 6cI( , G)

Proof. By theorem 8, we have

c( , G) = c( , ) · cI( , G) + c( , ) · cI( , G) + c( , ) · cI( , G)

+ c( , ) · cI( , G) + c( , ) · cI( , G)

Plugging in the equations of lemma 18 yields

c( , G) = cI( , G) + 2cI( , G) + 4cI( , G) + 6cI( , G) + 12cI( , G)

The other equations follow similarly.

The equations in corollary 9 can be rearranged for cI(H,G).

Corollary 10. Let G be any graph. Then

cI( , G) = c( , G)− 6cI( , G)

cI( , G) = c( , G)− c( , G) + 3cI( , G)

cI( , G) = c( , G)− 4c( , G) + 12cI( , G)

cI( , G) = c( , G)− c( , G) + 2c( , G)− 4cI( , G)

cI( , G) = c( , G)− 2c( , G)− 4c( , G) + 6c( , G)− 12cI( , G)
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Proof. Going from top to bottom ( to ), each equation for cI(H,G) can be obtained by
inserting the previous equations into the equation for c(H,G) in corollary 9.

The right hand sides of the equations in corollary 10 are linear combinations of c(H,G).
(Note that c( , G) = cI( , G)) We have developed algorithms for maintaining c(H,G) for any
connected graph on four nodes, which is not a 4-clique, in chapter 4. For c( , G), we have the
following result in the literature:

Theorem 9. ([DLS20], [EGST12]) Let G be a dynamic graph. Then c( , G) = cI( , G) can
be maintained in O(|EG|) time.

Corollary 11. ([EGST12]) Let G be a dynamic graph, let H be a connected graph on four nodes.
Then cI(H,G) can be maintained in O(|EG|) time.

Proof. By chapter 4 we can maintain c(S,G) for any connected graph on four nodes S, which
is not a 4-clique, in time o(|EG|). By theorem 9 we can maintain cI( , G) in time O(|EG|).
Plugging these values into the equations of corollary 10 requires constant time and yields cI(H,G).

In the remainder of this section we will show conditional optimality for this runtime. The
optimality is based on the following conjecture (see eg. [BHG+21],[LWW18],[ABW15]):

Conjecture 1. For any constant ε > 0, there is no O(nk−ε) time combinatorial algorithm for
static k-clique detection with error probability at most 1

3
in the word-RAM model with O(log n)

bit words.

Lemma 19. Let G,H be graphs, t : N → R≥0. If there exists a fully-dynamic algorithm to
maintain c(H,G) in amortized time O(t(|EG|)), where t is non-decreasing, then there exists a
static O(|EG| · t(|EG|)) algorithm for computing c(H,G) in the static setting. If there exists
a fully-dynamic algorithm maintaining cI(H,G) in amortized time O(t(|EG|)), where t is non-
decreasing, then there exists a static O(|EG| · t(|EG|)) algorithm for computing cI(H,G) in the
static setting.

Proof. We insert one edge of G after the other. The runtime is the sum of each update time:

|EG|∑
i=1

t(i) ≤
|EG|∑
i=1

t(|EG|) = |EG| · t(|EG|)

Corollary 12. Under conjecture 1, the runtime in corollary 11 is optimal in the sense that for
any constant ε > 0, there is no O(|EG|1−ε) combinatorial algorithm for maintaining cI(H,G)
for any connected four node subgraph H.

Proof. If cI(H,G) could be maintained in O(|EG|1−ε) time, then the number of cliques could
also be maintained in O(|EG|1−ε) time, because we can maintain c(S,G) for any connected

graph on four nodes S, which is not a 4-clique, in time O(|EG|
2
3 ) by the theorems in chapter 4,

plug c(S,G) and cI(H,G) into the equation for cI(H,G) in corollary 10 and solve the equation
for cI( , G). Lemma 19 would then yield a O(|EG|2−ε) = O(|VG|4−2ε) algorithm for counting
four-cliques contradicting conjecture 1.
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Chapter 6

Conclusion

Our algorithms allow us to maintain counts of non-induced claws in constant time, paths of length
three in time O(

√
m) and paws, cycles of length four and diamonds in time O(m

2
3 ). Whether

our algorithms for non-induced connected four-vertex subgraphs may be further improved is an
interesting question for future work. Because our algorithms maintain non-induced subgraphs
in sublinear time, we have seen that counting the number of induced connected four-vertex
subgraphs is equally hard, regardless of which subgraph being counted. In particular, an algorithm
counting any induced connected four-vertex subgraph in O(n4−ε) time would already allow us
to count every other induced connected four-vertex subgraph in O(n4−ε) time and falsify the
conjecture that 4-cliques cannot be detected in O(n4−ε) time.

Another question for future work is whether the same results extend to the case of general
k-vertex subgraphs: Can their non-induced counts also be maintained in O(m

k
2
−1) time and if

so, can the counts of every k-vertex subgraph, which is not the k-clique, also be maintained in
time O(m

k
2
−1−ε)? If this is true, then all induced subgraph counting problems for subgraphs with

the same number of vertices would be equally hard and any breakthrough would falsify the clique
conjecture 1.
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